Measurements are presented, at selected temperatures between 305 and 77 °K, of the twelve coefficients that define the low-field magnetoresistivity tensor of arsenic. A two-carrier multivalley ellipsoidal model of the energy bands is invoked to determine carrier densities and mobilities and tilt angles of the Fermi ellipsoids. In agreement with recent theoretical calculations and measurements of the de H aas-van Alphen effect, the electrons are sited in pockets tilted at + 82° to the trigonal axis and holes in pockets tilted at + 40°. Equal carrier densities are essentially temperature independent, ranging from T9 x 1020 cm-3 at 77 °K to 2-lxl02 0 cm"3 at 305 °K. Carrier mobility temperature dependences are close to 27-1*7, considerably greater than the expected 27-10, probably owing to intervalley scattering. Experimental techniques and a new method of computation are described.
I ntroduction
The group V elements arsenic, antimony and bismuth are semimetals in consequence of an energy band overlap. Carrier transport is characterized by high mobilities and long relaxation times; the semimetals are most suitable for experimental studies of band structure and for testing new aspects of electron transport theory. In bismuth the carriers are particularly mobile and transport effects are dramatic: the findings of a large, field dependent Hall coefficient and of oscillations in the magnetic susceptibility (de H aas-van Alphen effect) a t helium temperatures were signposts to earlier explorers of solid state physics. Galvanomagnetic effects in these materials are markedly anisotropic and have been quantitatively interpreted only by invoking a multivalley model of the ellipsoidal energy bands (Abeles & Meiboom 1956; Freedman & Juretschke 1961; Epstein & Juretschke 1963) . Recently, atten tion has been concentrated on antimony. Its Fermi surface has been determined both experimentally (Windmiller 1966 ) and theoretically ; the galvanomagnetic effects, studied over a wide temperature range (Oktii & Saunders 1967) , fit the predicted model.
Here a detailed study of the galvanomagnetic effects in the remaining element, arsenic, is presented. Previous information is sparse: the resistivity temperature dependence (McLennan, Niven & Wilhelm 1928) and the anisotropy of resistivity (Bridgman 1932; Taylor, Bennett & Heyding 1965) have been measured; magneto resistance, first looked a t by K apitza (1929) , has now been examined at helium temperatures (Sybert, Mackay & Hathcox 1968) .
Because the galvanomagnetic effects in arsenic are small, their measurement has required considerable experimental refinements, which are described here in detail, f Now at: Cavendish Laboratory, Cambridge. [ 4 1 5 ] An improved method of computation of band and mobility parameters is also reported. B ut first, the nature of the Fermi surface is discussed.
Crystal structure and F ermi surface of arsenic
Of the three allotropic forms of arsenic the a-form crystallizes, like bismuth and antimony, in the rhombohedral, A l structure of point per unit cell. The symmetry elements of this structure comprise three diad ( axes normal to three mirror planes, m utually orientated a t 120°, which intersect in an inversion triad (z) axis. Bisectrix (y) axes, one in each mirror plane, complete three orthogonal ( x, y, z) sets. An alternative nomenclature is 1, 2 and 3 for y respectively. Figure 1 illustrates the Brillouin zone; symmetry points and one b in arybisectrix-trigonal system are labelled. I t is im portant to note th a t these reference axes may be chosen in two ways: either the centre (X) of a rectangular face or the centre (L) of an irregular hexagonal face may lie in the first y -z quadrant. We follow the convention adopted by Windmiller (1966) : the axes are chosen as a righthanded set with X in the first y -z quadrant. Then TX is a t + 59° 17' from TT and rotations towards TL are negative.
Considerations of crystal chemistry (Cohen, Falicov & Golin 1964) show th a t th e A l structure causes a small overlap of the fifth and sixth energy bands and semimetallic behaviour results with equal populations of electrons and holes. Detailed calculations are now available (Falicov & Golin 1965; Golin 1965; . These accord with the results of quantum resonance experiments: the de H aas-van Alphen effect (Berlincourt 1955; Priestley, Windmiller, K etterson & Eckstein 1967) , cyclotron resonance (Datars & Vanderkooy 1966) and ultrasonic attenuation (Ketterson & Eckstein 1965) ; the essential features of the Fermi surface are established. There are three electron pockets centred on each L point in the Brillouin zone and a multiply-connected hole surface around T. Each electron pocket can be considered as a prolate ellipsoid. One principal axis is parallel to the binary direction and the other two lie in the mirror plane (TZLNXTJT). One of these is the longest axis; it is tilted away from the trigonal axis TT by approximately + 80°. The hole surface, called a ' crown ' (figure 2) may be thought of as six carrot shaped pockets joined by six thin cylinders or 'necks'. Each pocket is bisected by the mirror plane and is tilted by about + 40° away from the trigonal axis. Reported here are systematic measurements, made a t selected temperatures between 77 and 305 °K, of the coefficients th a t define the isothermal magnetoresistivity tensor to second order m magnetic field. To a first approximation, the d ata are interpreted on the basis of a simplified form of the Fermi surface: three electron and six hole ellipsoids. There were two objectives: to determine the im portant carrier properties-density and mobility-as a function of temperature and to test agreement between the simplified ellipsoidal model and Lin and Falicov's model of the Fermi surface.
E xperim ental d esig n
The orthogonal set of axes binary-bisectrix-trigonal (1-2-3) forms a most convenient Cartesian reference system for the generalized form of Ohm's law th a t relates the current density J to the electric field E in an anisotropic medium in a magnetic field H:
where p (H) is the magnetoresistivity tensor and <r^(H), its inverse, the magneto conductivity tensor.
Transport phenomena are expressed by the Boltzmann equation; Jones & Zener (1934) showed th a t a solution in the form of a power series in H is valid. I f p H <^\{p is the carrier mobility), convergence is rapid and only term s to H 2 are required to explain the galvanomagnetic effects. Accordingly, H) is defined as follows:
Pij(H) -Pij + Rijic Hk + A i:jkl Hk Hv Juretschke (1955) has shown by use of the Onsager relation, H) = pp( -H), and point group symmetry th at, for the A l structure, the nine components of py(H) can be defined by twelve independent coefficients: two resistivity coefficients pxx and />33, two Hall coefficients R 23X and i?123, actually the negatives of the conven tionally defined Hall coefficients, and eight magnetoresistance coefficients A 11U (short notation The twelve coefficients may be determined experimentally by orientating suitable samples in a magnetic field so th a t only one or two coefficients contribute to each measurement. As an example, consider the configuration shown in figure 3. J is in the binary (1) direction and (H) is in the trigonal (3) direction. The probes measure only Ex. Therefore Jx
pn (H) comes from (2) P n (H ) = p n + Hence F x = (pn + A 13H 2) J or and a graphical plot of E /J against H 2 has a gradient A coefficients have been measured a t six tem peratures between 77 and 305 °K on three samples. Overlap occurs; some coefficients could be measured in two ways on the same sample and most were remeasured on samples of other orientations. For further detail see Epstein & Juretschke (1963) .
The Fermi surface of arsenic 419 
Sample preparation and experim ental apparatus
Single crystals of arsenic were grown from 99-9995% pure material from the vapour phase (Jeavons & Saunders 1968) . Crystal perfection was good; back reflexion Laue photographs exhibited pin-point spots evidencing unstrained material which is difficult to obtain from the melt. Dislocation etch pit density was about 104cm-2 on the (111) (pc-y) plane. Rectangular bar samples (2 x 0-2 x 0-2 cm) were spark cut from crystals orientated by reference to the (111) cleavage plane and the slip lines thereon th a t mark the three binary axes. Considerable care was necessary when cutting to prevent fracture or cracking due to the strong (111) cleavage; it was found essential to avoid cutting in the trigonal direction. Voltage probes were of 0-002 in. diameter copper wire soldered to the sample with a lowmelting point (95 °C) alloy (32% Pb + 16% Sn + 52% Bi) and positioned well away from the sample ends to minimize Hall field shorting; contact diameter was about 0-01 in. To detect any longitudinal thermal gradient, copper-constantan thermocouples were soldered to each end. The sample was mounted rigidly, on an alinement mechanism, a t one end only to prevent sample damage due to contraction on cooling. All wires to the sample were run inside a vertical, 0-5 in. diameter, german silver tube th a t supported the copper sample holder inside the cryostat: a stainless-steel Dewar vessel inside a Pyrex glass tail Dewar vessel. To facilitate isothermal conditions, for measurements a t 305 °K the metal Dewar contained industrial paraffin, and the glass Dewar vessel ice/water. A t lower tem peratures the ice/water was replaced by liquid nitrogen and the paraffin by isopentane, liquid down to 113 °K. The non-flammable, five-component eutectic mixture used by Oktii & Saunders (1967) was not used owing to its appreciable electrical conductivity.
Preliminary measurements had shown th a t the galvanomagnetic effects in arsenic are an order of magnitude smaller than in antimony; room tem perature magnetoresistance is about 0*05% kG-2. Therefore to measure the coefficients to an accuracy of 1 % requires a system with a resolution of 5 parts in 10® and thus a drift stability of approximately 1 in 10®. A t room tem perature the resistivity of arsenic is such th a t a prim ary current of 5 A through the sample produced some 3 mV between the probes; the necessary resolution is equivalent to 15 nV and the noise level to 3 nV. To satisfy these stringent conditions, several im portant refine ments, now described, were incorporated into the measuring system, basically a d.c. potentiometer.
The preamplifier-galvanometer detector usually used w ith the high precision decade potentiometer proved unsatisfactory for measuring a t the nanovolt level and an electronic millimicrovoltmeter (Keithley type 149) modified to chop a t 120 Hz instead of 100 Hz (twice mains frequency), to overcome mains pick-up interference, was used instead. Careful screening and layout of instrum ents to avoid hum-loops was imperative. Stray therm al e.m.f.s were limited by carefully cleaning all copper connexions and using 'low-therm al' solder (70% Cd + 30% Sn) wherever soldering was absolutely necessary; certain tap-key connexions inside the potentiometer were shorted w ith copper wire. The rheostat used to balance out the I R drop for Hall measurements was made from copper wire and submerged in a small oil bath. Usually, prim ary current stability is achieved by separate moni toring and manual control. This method proved impractical in this case and a transistorized current stabiliser (Palmer 1966) immersed in an oil bath, was used. A second, similar controller regulated the potentiom eter current supply.
The only other problem was th a t of sample tem perature stability. From tem pera ture variations a voltage drift can appear from two sources: the Seebeck effect (~ 20 /xV 1°K a t room tem perature) and the bulk resistance change (the tem pe coefficient is 0*45% °K_1). On both counts it transpires th a t a tem perature regula tion to within 0*001 °K is prerequisite to achieve the overall stability of 1 in 10®. The work on antimony (Oktii & Saunders 1967) required stabilization to 0*05 °C, obtained by setting the metal Dewar interspace pressure and then balancing the heat leak by manual adjustm ent of electrical heating, a time consuming operation and impractical to the fine limit required for the present work. Therefore a system of automatic control of electrical heating (Jeavons & Saunders unpublished) , a development of a tem perature measuring system due to Faulkner, McGlashan & Stubley (1965) , was devised. Figure 4 shows a block diagram of the electronic apparatus; operation is straightforward. The copper-resistance thermometer in the cryostat senses any tem perature change and produces an out-of-balance signal from the a.c. W heatstone bridge. This is amplified, passed through a phase-sensitive detector and power amplified (d.c.) to feed back to the heater in the cryostat. The liquid surrounding the sample was not stirred; convection currents proved sufficient to give the required stability after a few hours equilibration time. 
Measurement technique
The standard procedure of reversing the prim ary current was not used because of interference from the Peltier effect arising from the use of a large primary current (5 A) for this relatively highly conductive semimetal. The required galvanomagnetic voltages are proportional to current; it is necessary to eliminate error voltages independent of current. These arise from Seebeck voltages due to standing tem perature gradients in the sample and contact potentials in the sample or measuring circuit; usually they are removed by reversing the current and averaging. However, in this work we found th a t a tem perature gradient could appear along the sample owing to Peltier heat being absorbed a t one current contact and em itted a t the other. Since the Peltier effect is proportional to current, reversing the current reverses this tem perature gradient; the error voltage is an intim ate p art of the ohmic voltage and cannot be averaged away. To overcome this a trick was adopted: the sample being mounted at one end only, heat transference from this end was better than from the other and, coupled with Joule heating in the sample, was used to produce a tem perature gradient th a t opposed the Peltier gradient. Isothermal conditions could be attained by adjusting the current to obtain a balance between these two effects. Fortunately the optimum current value was also acceptable from considerations of sensitivity and practicability.
Magnetic field reversal was employed to remove error voltages due to inexact probe positioning on the sample and to separate Hall and magnetoresistance coefficients. The magnet was calibrated initially by nuclear magnetic resonance and subsequently a systematic procedure was used to avoid hysteresis errors. Sample alinement in the magnetic field was achieved mechanically by reference to the plane pole-tip faces. The magnet, not the sample, was rotated to establish the various orientations.
I t was hoped th a t automatic plotting of galvanomagnetic potentials against magnetic field on an X -Y recorder would be possible. B ut it was not; even a t a slow sweep rate of five minutes per kilogauss, the steadily increasing magnetic field induced a direct voltage of 0 1 fxV via the loop area enclosed by the probe leads. Point by point plotting a t static magnetic fields was necessary; the stability of the equipment enabled a field range of 0*7 to 4-7 kG in twelve steps to be covered w ithout the need to restandardize the potentiometer. Figure 5 shows graphical plots th a t determine 12m , i?23i> A12 and A ls a t the tem perature 250 °K. The graphs demonstrate two im portant points: (a) the straight line plot indicates th a t the low-field condition 1 is not violated up to 5 kG, and (6) drift is within the desired limit of 15 nV. Accurate values of all the magneto resistivity coefficients were obtained from a least-mean-squares fit to the measure ments by a computer; the values averaged over the three samples are presented in table 1. Marked anisotropy is evident; in particular the two Hall coefficients are in the ratio 1: 5*5 a t all temperatures, except a t 77 °K where jR231 decreases. The five coefficients A u , A 12, A 13, A 31 and A 33 are all positive; A44 is are both positive or both negative depending on the choice of reference axes. F or the particular system defined in § 2 they are negative. The errors quoted in table 1 arise partly from the measurement of sample dimensions and partly from the galvanomagnetic-voltage measurement. The only other coefficient values available for comparison are those of p n and p33 a t 293 °K (Taylor et 1965) . Agreement is close for p n ; the values of p33 differ by 10% (table 2). Units: resistivity, 10"6 Q cm; Hall, 10~8 G cm kG-1; magnetoresistivity, 10~10 G cm kG~2. While the magnetoresistivity tensor is measured experimentally, theory is more conveniently handled in terms of the magnetoconductivity tensor. Juretschke l1955) has derived the formulae th a t transform from one tensor to the other. There are twelve magnetoconductivity coefficients; each is directly related to corre sponding magnetoresistivity coefficients: give -3*0 and of log B^ give -4-3. This is a reflection of a carrier mobility-temperature dependence close to T~15, since basically cr{j = f (ji, v) , Pijk = f(/P, later. Units: conductivity, 104 Q_1 cm-1; inverse Hall, 10 fl-1 cm-1 kG_1; magnetoconductivity, n -1 cm-1 kg-2.
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Computation a n d solution
There are nine band parameters to the multivalley ellipsoidal model of the Fermi surface: total carrier density, N (= P );three electron mob each electron ellipsoid (/iv /i2, jn3) corresponding hole mobilities ( ellipsoid tilt angles {fre, having cosines ( C^) and sines (Se, S^). The equations connecting these variables to the magnetoconductivity coefficients were originally derived by Drabble & Wolfe (1956) . The im portant assumptions are independent contributions to electric current from each valley and an isotropic relaxation time in &-space. The equations are°i
The rest of the equations are w ritten more conveniently by including only the electron terms, those of the holes being identical in form and simply added on:
B 12 = Ne{3S l/i2(ftl+/if) + %Cl[i3{ii\+14) + C lS lfi^jiiz-fo )2 + 2^/ 1^} /8c2, B 33 = ( -B 12 + 3J5n -2B u )/2 = N e C l S l / i^-f i^/ c 2,
. Ĉ arrier densities and all mobilities are defined to be positive. and v1 are directed along the binary axis; /i2, /i3 and v2, v3 are along the other ellipsoid axes in the mirror plane. ijre and \jrh are defined as the tilt of fi3 and v3 away from the trigonal axis. The set of operations C S , /jl2* ± fis, u2 v3 correspond between the two x -y -z sets mentioned earlier, when B 2i and B i2 change sign and all other coefficients are unchanged. The equations apply equally well to three or six ellipsoids; since the contributions are additive, the number of carriers per pocket is obtained by dividing N by three or six respectively. The task now remaining is to solve the twelve equations for the nine band parameters and compare N , \Jre and i}rh with the Fermi surface data of other workers.
Although theoretically possible, a direct solution by eliminating unknowns is not practicable. Even a small error in the measured value of a magnetoconductivity coefficient is magnified greatly by the complexity of the terms involved. The method developed by Freedm an & Juretschke (1961) relies on obtaining an exact solution to eight equations incorporating nine of the twelve coefficients and then recalcu lating to find a self-consistent fit all round. This technique is inherently biased in favour of fitting certain coefficients. I f it were possible th a t the ellipsoidal band model and assumptions were completely true, this would be acceptable. To obtain a fairer assessment of the experimental data, a computer program producing a least-mean-squares best fit to all twelve coefficients was devised.
Consider the overdetermined ease of three equations in two unknowns: The bottom of the pit is either a t M = 0 so th a t its coordi of the equations, or a t a local minimum in M and its coordinates represent the best approximation locally to a solution. Suppose an approximate solution has been found or an arbitrary solution chosen (point Z). Then x is varied, keeping y constant, to slide across the cross-section PQ until M is minimized. N ext this procedure is performed for y, keeping x constant (RS). Repetition produces a p ath th a t zigzags in towards the pit bottom. A t each stage the lowest point on the cross-section m ay be located by recalculating M as the variable (x or y) is incremented stepwise. Alternatively differentiation could be used. Convergence could be speeded con siderably by calculating the gradient vector and proceeding along the p ath of steepest descent. B ut this is a complex procedure for the many-dimensional case and was not adopted.
The extension of the method to the nine dimensions of the equations (4) is trivial. Each of the twelve coefficients is calculated, by inserting an arbitrary set of p ara meters into the equations (4), divided by the corresponding experimental value and then compared to unity to compute a param eter (i.e. M ), which is
cry and Pijk were weighted because of the smaller experimental error of these coefficients. I f SU M SQ could be made equal to zero, then all the calculated coeffi cients would equal their measured values and a perfect solution would have been found. A large computer (IBM 360/67) was used. Each evaluation of the set of equations took only 1 ms; 500 cycles of the nine variables were executed at each tem perature. All six temperatures were analysed in a total tim e of 3 min. To test the pro gram, the results for antimony (Oktii & Saunders 1967) were reassessed. Improved fits to the experimental coefficients resulted (Jeavons & Saunders unpublished) . To ensure th a t all solutions have been found, a range of the parameters th a t start the calculation (point Z of figure 6) must be tried. Only one acceptable solution, th a t given in table 4, was obtained; convergence to this solution was rapid from widely different starting points. The quality of the fit of this solution is illustrated by the set of ratios of calculated to measured coefficients (table 5) . Three other fits to the equations were readily rejected for the following reasons:
l ,A higher residual value of SUM SQ indicated a poorer fit than the result given in table 4.
The Fermi surface of arsenic 427 2. The electron tilt angle showed no agreement a t all with the value found by Priestley et al. (1967) .
3. Energy ellipsoids would have to be oblate rather th an the expected prolate form. The solution shown in table 4 presents, for the first time, detailed information of carrier densities and mobilities in arsenic over a wide tem perature range. The invariance of the ellipsoid tilt angles with tem perature (see table 4) is satisfying; the finding th a t carrier density is essentially tem perature independent verifies de generacy. The anomalous behaviour of ju,2 is not necessarily significant. As is shown in table 6, the electron contribution to m any coefficients is small; further, is swamped by and /t3. An accurate value of jlc 2 cannot be obtained.
Co n c l u s io n s
The correspondence of the solution to Fermi surface details is summarized in table 7. The high mobilities {/iv /i3; Fermi pockets. The tilt of this minimum area is obtained by adding 90° to the tilts calculated from the equations {x]re, i/rh); see figure 7. Considering the simplifications made for the model of the Fermi surface, agreement is surprisingly good. Other workers have measured tilt angles of similar values. We confirm the theoretical assignment ) of electrons to the high-tilt and holes to the medium-tilt pockets. Electron inverse mobility ratios are compared w ith effective mass data to assess the validity of an isotropic relaxation time. In fact this assump tion may be relaxed a little and x w ritten as a tensor (Herring & Vogt 1956) [jl = ex/m*.
Then the isotropic assumption is reasonable, if the tensor components are within 2 :1 .7! and t3 for electrons are given in table 8. 72 cannot be assessed because ju,2 is ,----------------A -------------- 27-2 not known accurately. The non-ellipsoidal nature of the hole pocket prevents any quantitative comparison of hole mobilities and effective masses. Indeed various mass data (Berlincourt 1955; D atars & Vanderkooy 1966; Tanuma, Ishizawa & Ishiguro 1966) show only qualitative consistency. B ut in general the low mobility, i>2, is in the heavy mass direction. Figure 8 shows the tem perature dependence of the mobilities. The tem perature exponent of -1*7 for fa, fa, v3 is even further from the expectedantimony ( -1*5). I t is clear now th a t the formula for scattering in a semimetal, r = A T~xE~k (Wilson 1953 ) is insufficient. Additional scattering, of an intervalley nature, seems the most probable answer. Because of the low carrier densities and thus the small Fermi surface compared to the metallic case, Wilson assumed only intravalley scattering of carriers by long-wavelength (small-wavenumber) phonons. Intervalley scattering requires relatively high energy, large-fc phonons. These are few in number a t low temperatures, but as tem perature rises their population, and thus the contribution to carrier scattering, increases so th a t carrier mobility falls faster than the simple formula indicates. Herring (1955) has analysed this situation for non-degenerate multivalley semiconductors; the mobility-tem perature expo nent can increase from -1*5 up to -2-5 depending mainly on the proportion of inter-to intra-valley scattering.
I t may be seen from table 5 th a t consistent discrepancies exist for B 1S, B S1, B u and B 33. Assuming no systematic experimental error, these discrepancies plausibly reflect the most significant departure of the Fermi surface from'ellipsoidal shape: the 'necks' which contain low mass holes. Despite the low number of carriers in these ' necks ' compared to the main pockets, some B y may be significantly affected because of their dependence on the cubes of considerably higher mobilities. A threeband fit to th e m agnetoconductivity coefficients is now in hand. Maltz & Dresselhaus (1968) have examined the band structure of arsenic from magnetoreflectivity in the infrared; they report disagreement w ith a theoretical band gap a t T. I t has already been observed (Priestley et al. 1967 ) th a t the theoretical effective masses and Fermi energy do not agree a t all well with experiment and th a t the theoretical surface fails to explain one hole period (the oscillation). Figure 9 shows th e complete ellipsoidal Fermi surface deduced from the galvanomagnetic effects, located in the Brillouin zone. A part from the hole necks, overall close agreement is manifest between this model and data from the de H aas-V an Alphen effect. A further success of the ellipsoidal approximation of the Fermi surface is the agreement between the calculated value (0-192 m J mole"1 °K2, Priestley et a l 1967) and measured value (0-194 ± 0-007, Culbert 1967; 0-186 ± 0-002, Taylor et 1967) *7-3
